A double basis set in Hylleraas coordinates is used to obtain improved variational upper bounds for the nonrelativistic energy of the 1
Introduction
The hydrogen molecular ion H + 2 is a fundamental three-body quantum system. This ion presents the complexities associated with multi-centred systems while still remaining amenable to high precision calculation. The recent theoretical and experimental interest in this ion comes from two fronts. The first is due to the precision measurement of the dipole polarizability for H + 2 , as determined by an analysis of the Rydberg states of H 2 , by Jacobson et al [1, 2] . This experiment revealed a discrepancy with theory of about 0.0007 a 3 0 , where a 0 is the first Bohr radius. This discrepancy was only partially removed by including the Breit α 2 corrections to the nonrelativistic Hamiltonian [3] , where α ≈ 137 −1 is the fine structure constant. There are, in addition, other unexplained experimental results [4, 5] that would benefit from further theoretical study. The second is due to the possible improvement in the accuracy of the proton to electron mass ratio by an order of magnitude. The possibility of a precise determination of this fundamental mass ratio through the use of two-photon high resolution spectroscopy in H + 2 was pointed out almost a decade ago [6] . In order for such an experiment to be used for metrological purposes, however, the relativistic and QED corrections to the energy levels involved in the measured transition frequencies must be known to order α 5 , in atomic units. The feasibility of this experiment was recently shown by Hilico et al [7] , and is currently being carried out [8] .
The motivation for the present work lies in the fact that if corrections to the nonrelativistic energy levels of H + 2 are required to order α 5 ≈ 10 −10 , then the wavefunctions must be accurate, at least, to this same level. The wavefunctions, however, are typically accurate to less than half as many significant figures as the energy; hence, relativistic and QED corrections calculated from these wavefunctions suffer the same reduction in accuracy. This implies that the nonrelativistic energies need to be accurate to order 10 −20 or better in order to take full advantage of the experimental accuracy.
To date, the most accurate calculations for H + 2 have employed two types of basis set expansions [9] [10] [11] . In the first approach, the trial function is expanded in the form
where r j is the distance of the electron from the j th proton, r 12 is the inter-protonic coordinate and α i , β i and γ i are real (or complex) numbers chosen in a so-called quasi-random manner from a small number of real intervals. This method, as described in [9, 10, 12] , has yielded very accurate upper bounds for the ground state energy and geometrical properties for a wide variety of three-body systems.
In the second approach, the trial function is expanded in Hylleraas coordinates as
where j min ≈ 35, and q is an integer that partitions the basis set into m sectors with distinct scale factors α (q) and β (q) . In such a calculation, a complete optimization is performed with respect to all nonlinear parameters. This method yielded an upper bound to the ground state energy comparable to expansion (1), but with half as many terms, as well as a new upper bound to the first triplet P-state [11] .
The present paper extends previous results for H − and Ps − [13] , using a double basis set [14] , to cover a wider range of bound three-body systems, including H + 2 . It was found that including higher powers of r 12 and an extra exponential scale factor exp(−γ r 12 ) was essential, since this allows the vibrational modes along the inter-protonic coordinate to be well represented. The result is a new lowest upper bound for the first three states of H table 1 of [15] for a discussion of the correspondence between atomic and molecular notation).
Calculations
After isolating the centre-of-mass motion, the Hamiltonian for H + 2 may be written (in reduced mass atomic units) as
where µ is the reduced electron mass; the electron has been chosen to be at the origin of the coordinate system. The main task now is to solve the Schrödinger equation
for the stationary states of the Hamiltonian H. For our modified double basis set, the trial function for S-states is given by
where 1 i + j , that is, 1 is the maximum sum of powers of r 1 and r 2 ,
, and the integer M > 1 is an adjustable parameter; and for states with L > 0,
where
is a vector-coupled product of spherical harmonics [16] and ang means that all distinct angular couplings are included according to the scheme in [17] .
Normally, all distinct combinations of powers {i, j, k} would be included in expansions (5) and (6); however, in order to avoid problems of near linear dependence for S-states, all terms with i > j are omitted only in (5) . In addition, we employed a form of truncation first introduced by Kono and Hattori [18] in which terms with i +j +|M−k|−|l 1 −l 2 |+|j −i| > 1 are avoided.
For a given state, M is varied until a minimum in the energy is found for the largest basis set used. The value of M is then held at this value for all basis set sizes N as 1 is increased. The inclusion of r k 12 exp(−γ r 12 ) in (5) and (6), where k is a large integer, allows the trial functions to effectively represent a nuclear vibrational wavefunction, which is known from the Born-Oppenheimer approximation to be Gaussian [19, 20] . The condition γ ≈ M/2 of [19] naturally appears in this calculation upon optimization of E with respect to γ . It was found that M = 39, 38, 37 give the minimum energy (and good convergence) for the three lowest states of H 
is any member of the basis set, and a (and b) represents a specific combination of radial powers {i, j, k}. The optimization of α (p) , β (p) and γ (p) is accomplished by simultaneously calculating the first derivatives of the energy with respect to the nonlinear parameters:
where (p) denotes the part of the wavefunction that depends explicitly on α (p) , and similarly for the β (p) and γ (p) derivatives. There is no contribution to these derivatives from variations of the a (p) ij k because of the variational stability of the wavefunction. The final step is then to change α (p) , β (p) and γ (p) in the directions indicated by the derivatives, resolve the generalized eigenvalue problem, recalculate the derivatives and locate their zeros by Newton's method.
All calculations were done in quadruple precision (about 32 decimal digits) arithmetic on SHARCnet's Tiger cluster of Compaq Alpha ES40 workstations.
Results
We present our results in tables 1-5. The value used for the proton mass was m p = 1836.152 701 [21] , in atomic units 1 . Tables 1, 3 and 4 show the convergence pattern for 
where = M + 1 , and thus give the values of the ratios of successive differences in the energies. If R( ) were constant, the extrapolated value of the energy would simply be the series limit of a geometric series. Since this is not the case, we fit the ratios to the form a/ b and sum the series of differences to obtain the extrapolated value. The final quoted uncertainty is thus determined from the uncertainty in the parameters a and b. For the three states calculated, the largest basis set gives the lowest upper bound to date. However, all the results agree to within their estimated uncertainties.
The wavefunction for each state may be reproduced immediately using the optimized scale factors listed in table 5. Carrying out a complete optimization of all nonlinear parameters naturally partitions the basis set into two distinct sectors: one describing the asymptotic behaviour of the wavefunction, and the other describing the short-range behaviour. This partitioning preserves the numerical stability of the calculations within standard quadruple precision arithmetic for the basis set sizes listed.
A useful test of the accuracy of the wavefunctions near a two-particle coalescence point is the Kato cusp condition [23, 24] (5) a Ratio is the ratio of successive differences [E(
b Hilico et al [15] . c Moss variational bound [26] . d Taylor et al [27] .
where r ij is any inter-particle coordinate. The exact values of the cusps are known to be (1) a Ratio is the ratio of successive differences [E(
Taylor et al [27] . c Moss variational bound [26] . d Yan et al extrapolation [11] .
where q i and q j are the charges and m i and m j are the masses of the particles. In the chosen coordinate system, and in atomic units, the electron-proton cusp is
with the exact value 
The results of this calculation are shown in table 2.
Discussion
The results of this paper demonstrate that a double basis set in Hylleraas coordinates can be easily constructed to give highly accurate nonrelativistic energies for H + 2 . Compared with other methods, this approach produces lower upper bounds using basis sets with fewer or the same number of terms. For the basis set sizes presented here, the numerical stability of the calculation is excellent, and so does not require the use of extended precision arithmetic.
One notable feature of this calculation is the large values and scatter of the ratio, especially for the 2 1 S state, given in the last column of tables 1, 3 and 4. Although this would normally reduce the confidence in the stability of a calculation, it is here a result of a combination of effects: a change in the location of the lowest minimum on the energy surface (see figure 2(a) of [15] ), a strong dependence of the energy on the range of powers of r 12 included in the basis set and a related even/odd alternation in the values of the ratio with [25] . As a simple illustration, one may note that the largest value for the ratio in table 3 occurs for = 44 which is preceded by a corresponding jump in the optimized scale factor β (2) listed in table 5. Further investigation of this, however, is still required. (1) β (1) γ (1) α (2) β (2) γ (2) The 20-, 21-and 24-figure accuracies of the nonrelativistic energy eigenvalues presented above, although more than sufficient for comparison with experiment, lay a firm foundation for the calculation of higher order relativistic and QED corrections to the nonrelativistic energy levels of H + 2 . The 10-figure accuracy of the electron-proton cusp quoted here represents, to our knowledge, an improvement of about five orders of magnitude over the best available value in the literature [12, 20] . This further shows the reliability of the wavefunctions to compute observables, other than the energy, to high precision, and especially the highly singular operators that appear in the relativistic and QED corrections.
